Discrete Symmetries of Off-Shell Electromagnetism by Land, Martin
ar
X
iv
:h
ep
-th
/0
60
32
13
v1
  2
8 
M
ar
 2
00
6
Discrete Symmetries of Off-Shell Electromagnetism
Martin Land
Department of Computer Science
Hadassah College
P. O. Box 1114, Jerusalem 91010, Israel
email: martin@multinet.net.il
Abstract
This paper discusses the discrete symmetries of off-shell electromagnetism, the
Stueckelberg-Schrodinger relativistic quantum theory and its associated 5D local gauge
theory. Seeking a dynamical description of particle/antiparticle interactions, Stueck-
elberg developed a covariant mechanics with a monotonically increasing Poincare´-
invariant parameter. In Stueckelberg’s framework, worldlines are traced out through
the parameterized evolution of spacetime events, which may advance or retreat with
respect to the laboratory clock, depending on the sign of the energy, so that negative
energy trajectories appear as antiparticles when the observer describes the evolution
using the laboratory clock. The associated gauge theory describes local interactions
between events (correlated by the invariant parameter) mediated by five off-shell gauge
fields. These gauge fields are shown to transform tensorially under under space and
time reflections — unlike the standard Maxwell fields — and the interacting quantum
theory therefore remains manifestly Lorentz covariant. Charge conjugation symmetry
in the quantum theory is achieved by simultaneous reflection of the sense of evolution
and the fifth scalar field. Applying this procedure to the classical gauge theory leads
to a purely classical manifestation of charge conjugation, placing the CPT symmetries
on the same footing in the classical and quantum domains. In the resulting picture,
interactions do not distinguish between particle and antiparticle trajectories — charge
conjugation merely describes the interpretation of observed negative energy trajectories
according to the laboratory clock.
1 Introduction
1.1 Stueckelberg’s Model of Pair Creation/Annihilation
In 1941, Stueckelberg [1] proposed a covariant Hamiltonian formalism for interacting space-
time events, in which the events evolve dynamically, as functions of a Poincare´ invariant
parameter (see also Fock [2]). In the classical mechanics, the particle worldline is traced
out in terms of the values taken on by the four-vector xµ (τ) as the parameter proceeds
monotonically from τ = −∞ to τ = ∞. Stueckelberg’s purpose was to ascribe pair cre-
ation/annihilation to a single worldline, generated dynamically by an event whose time
1
coordinate advances or retreats with respect to the laboratory clock, as its instantaneous
energy changes sign under interaction with a field. Figure 1 is a reconstruction of the corre-
sponding illustration in Stueckelberg’s paper [1].
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Figure 1: World Lines
A: Usual type, with a unique solution to t (τ) = x0 for each x0
B: Annihilation type, with two solutions to t (τ) = x0 for x0 ≪ 0 and no solution for x0 ≫ 0
C: Creation type, with two solutions to t (τ) = x0 for x0 ≫ 0 and no solution for x0 ≪ 0
The invariant parameter τ is required because the worldlines of Figure 1 are generally not
single-valued in spacetime. By regarding τ as a physical time parameter, Stueckelberg recog-
nized two aspects of time [3], explicitly distinguishing the Einstein coordinate time x0 from
the temporal order τ . Writing τ -dependent equations of motion, Stueckelberg was led to a
description of the antiparticle which is similar to Feynman’s, but differs in its implementation
of the discrete symmetries. In the standard treatment of CPT , based on Wigner’s approach
to time reversal [4], the T operation is understood as both inversion of the time coordinate
and reversal of motion — inversion of the temporal ordering of events. Despite the similarity
of the worldlines in Figure 1 to Feynman’s spacetime diagrams, the explicit parameterization
of the curves by τ formally distinguishes the two aspects of time, and hence two notions of
time reversal. Formal analysis of the dynamical framework arising from Stueckelberg’s ap-
proach shows that, unlike the standard CPT implementation, fields and currents transform
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tensorially under the discrete Lorentz transformations. The charge conjugation operation is
seen to connect laboratory observation with experiment, but does not play a role in interac-
tions. Although CPT invariance was not established as a fundamental symmetry until more
than a decade after Stueckelberg and Feynman’s initial work on this subject, and they did
not utilize that approach, these symmetry properties expose the different interpretations of
the antiparticle.
When standard textbooks (see for example [5]) discuss what is generally known as the
Feynman-Stueckelberg approach, which represents antiparticles as negative energy modes
propagating toward earlier times, they pose this model as an elegant field theoretic replace-
ment for the older Dirac hole theory. However, Stueckelberg’s paper addresses itself to a
slightly different set of concerns. While hole theory predicted antiparticles in an attempt
to solve the problem of negative energy solutions to the Dirac and Klein-Gordon equations,
Stueckelberg’s goal was the formulation of a relativistic generalization of classical and quan-
tum mechanics1 capable of generating the curves of Figure 1. By 1941, pair creation and
annihilation were regarded as experimentally observable phenomena, and the historical rea-
sons they were first predicted (as an artifact of one or another candidate theory) were not
necessarily relevant to their interpretation. Stueckelberg actually emphasized the negative
energy trajectories as an advantage of his theory, not a problem to be solved. Since the
parameter time τ is formally similar to the Galilean invariant time in Newtonian theory, this
formalism served Stueckelberg’s wider goal of generalizing the techniques of non-relativistic
classical and quantum mechanics to covariant form.
While Stueckelberg defined classical and quantum states explicitly labeled by τ , Feynman
worked with quantum states, in which events are temporally ordered by algebraic segregation
into initial states and final states. The Feynman prescription for the propagator is equivalent
to Dyson’s t-ordered product, which by exchanging particle creation and annihilation, can
be understood as enforcing temporal ordering of in-events and out-events at the endpoints
of a worldline. In discussing the path integral for the Klein-Gordon equation, Feynman
observed [6] that explicitly labeling the temporal order of events by τ and assuming retarded
1Introducing his generalized Lorentz force, Stueckelberg suggests that the correct formulation of relativis-
tic dynamics was not yet known, when he states, “La question se pose de savoir s’il est possible d’e´tablir une
me´chanique covariante au sens d’Einstein, qui permette l’existence de telles courbes.”
3
propagation (with respect to τ), leads to the t-ordering prescription for the propagator.
However, we will see that the explicit labeling by τ affects the meanings of time reversal
symmetry and charge conjugation.
Stueckelberg argued that pair annihilation is observed in worldlines of type B in Figure 1, in
the fact that there are two solutions to t(τ) = t1, but no solution to t(τ) = t2. The observer
will therefore first encounter two particle trajectories and then encounter none. That the
magnitude of the electric charge should not change along the single worldline seems clear
enough, but the identification of one part of the worldline as an antiparticle trajectory,
further requires that the charge reverse sign. While this charge reflection may be grasped
intuitively — carrying positive charge in one time direction is taken as equivalent to carrying
negative charge in the opposite time direction — in standard field theory, charge conjugation
is demonstrated through the action of the charge operator. In the parameterized formalism,
the charge inversion appears directly at the classical level: as the event xµ (τ) evolves toward
earlier values of t = x0, the slope dx0/dτ must become negative, and in Stueckelberg’s
generalized Lorentz force, this derivative multiplies the electric charge. Thus, particles and
antiparticles do not appear as distinct classes of solutions to a defining equation, but as a
single event whose qualitative behavior depends instantaneously on the dynamical value of
its velocity.
1.2 Gauge Theory
To generalize the Lorentz equations, Stueckelberg proposed the covariant evolution equation
d2xµ
dτ 2
= −Γµνρ
dxν
dτ
dxρ
dτ
+ eF µνgνρ
dxρ
dτ
+Kµ (1)
in which the metric signature is diag(−,+,+,+) with index convention µ, ν, ρ = 0, · · · , 3,
F µν is the electromagnetic field strength tensor, and Γµνρ is an affine connection expressing
the influence of gravitation. Stueckelberg observed that the mass
m2 = −gνρdx
ν
dτ
dxρ
dτ
(2)
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is a constant of integration for Kµ = 0. The proper time is found by scaling the invariant
parameter through ds = ±
√
ds2 = ±m dτ so that when Kµ = 0,
−gνρ dx
ν
mdτ
dxρ
mdτ
= −dx
ν
ds
dxν
ds
= 1 . (3)
Stueckelberg found no reason to claim the existence of the field Kµ, without which the
dynamical conservation of mass prevents the classical worldlines from entering the spacelike
region, required for the transition from positive to negative energy. In the absence of Kµ,
Stueckelberg’s equation may be derived from the classical Lagrangian
L =
1
2
Mx˙µx˙µ + ex˙
µAµ (x) (4)
and Euler-Lagrange equations
d
dτ
∂L
∂x˙µ
− ∂L
∂xµ
= 0 , (5)
where
F µν = ∂µAν − ∂νAµ
and we have introduced the constant parameter M with dimension of mass. The equivalent
flat space Hamiltonian formulation
K =
1
2M
(pµ − eAµ)(pµ − eAµ) (6)
with symplectic equations
dxµ
dτ
= x˙µ =
∂K
∂pµ
dpµ
dτ
= p˙µ = − ∂K
∂xµ
, (7)
leads to a quantum theory defined by the equation,
i∂τψ(x, τ) =
1
2M
(pµ − eAµ)(pµ − eAµ)ψ(x, τ) . (8)
This quantum theory (see also [6]), enjoys the standard U(1) gauge invariance under local
transformations of the type
ψ(x, τ) −→ exp [ieΛ(x)] ψ(x, τ) (9)
Aµ −→ Aµ + ∂µΛ(x) (10)
but the global gauge invariance is associated with the five-dimensional conserved current
∂µj
µ + ∂τρ = 0 (11)
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where
ρ =
∣∣∣ψ(x, τ)
∣∣∣2 jµ = − i
2M
{
ψ∗(∂µ − ieAµ)ψ − ψ(∂µ + ieAµ)ψ∗
}
. (12)
Stueckelberg [1] regarded (12) as a true current, leading to the interpretation of
∣∣∣ψ(x, τ)
∣∣∣2 as
the probability density at τ of finding the event at the spacetime point x. However, under
this interpretation, the non-zero divergence of the four-vector current jµ(x, τ) prevents its
identification as the source of the Aµ(x). As a remedy, Stueckelberg observed that assuming
ρ→ 0 pointwise as τ → ±∞, integration of (12) over τ leads to
∂µJ
µ = 0 where Jµ(x) =
∫ ∞
−∞
dτ jµ(x, τ) . (13)
However, in the resulting dynamical picture, the fields Aµ(x) which mediate particle inter-
action instantaneously at τ , are induced by currents Jµ(x) whose support covers the particle
worldlines, past and future. There is no a priori assurance that the particles moving in these
Maxwell fields will trace out precisely the worldlines which induce the fields responsible for
their motion.
In order to obtain a well-posed theory, Sa’ad, Horwitz, and Arshansky [19] introduced a τ -
dependent gauge field (see also [7]) and a fifth gauge compensation field, leading to a theory
which differs in significant aspects from conventional electrodynamics, but whose zero modes
coincide with the Maxwell theory. Writing x5 = τ and adopting the index convention
λ, µ, ν = 0, 1, 2, 3 and α, β, γ = 0, 1, 2, 3, 5 (14)
the Stueckelberg-Schrodinger equation
(i∂τ + e0a5)ψ(x, τ) =
1
2M
(pµ − e0aµ)(pµ − e0aµ)ψ(x, τ) (15)
is invariant under the enlarged set of gauge transformations,
ψ(x, τ) → eie0Λ(x,τ)ψ(x, τ) (16)
aα(x, τ) → aα(x, τ) + ∂αΛ(x, τ) (17)
and admits the modified five dimensional conserved current
∂αj
α = ∂µj
µ + ∂τ j
5 = 0 (18)
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where the probability density interpretation still holds for
j5 =
∣∣∣ψ(x, τ)∣∣∣2 (19)
and the current becomes τ -dependent through both the particle and the gauge fields
jµ =
−i
2M
[
ψ∗(∂µ − ie0aµ)ψ − ψ(∂µ + ie0aµ)ψ∗
]
. (20)
The Stueckelberg-Schrodinger equation (15) may be derived by variation of the action
S =
∫
d4xdτ
{
ψ∗(i∂τ + e0a5)ψ − 1
2M
ψ∗(pµ − e0aµ)(pµ − e0aµ)ψ − λ
4
fαβf
αβ
}
(21)
which includes a kinetic term for the fields, formed from the gauge invariant quantity
fαβ = ∂αaβ − ∂βaα . (22)
Sa’ad, et. al. formally raise the index β = 5 in the term fµ5 = ∂µa5 − ∂τaµ with the flat
metric
gαβ = diag(−1, 1, 1, 1, σ) , g55 = σ = ±1 , (23)
corresponding to a O(4,1) or O(3,2) symmetry, which must break to O(3,1) in the presence
of currents. Varying the action (21) with respect to the gauge fields, the equations of motion
are found to be
∂βf
αβ =
e0
λ
jα = ejα ǫαβγδǫ∂αfβγ = 0 (24)
where jα is given in (19) and (20). Although λ and e0 must be dimensional constants,
the dimensionless ratio e0/λ is the Maxwell charge e. In four-vector component form, (24)
becomes
∂ν f
µν − ∂τ f 5µ = ejµ ∂µ f 5µ = eρ. (25)
∂µfνρ + ∂νfρµ + ∂ρfµν = 0 ∂µf5ν − ∂νf5µ − ∂τfµν = 0 , (26)
which may be seen as a four-dimensional analog of the three-vector Maxwell equations in
the usual form,
∇×H− ∂0E = eJ ∇ · E = eJ0 (27)
∇ ·H = 0 ∇×E+ ∂0H = 0 . (28)
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The three vector form of the field equations [8], defined through
ei = f
0i hi = ǫijkf
jk (29)
ǫi = f 5i ǫ0 = f 50 (30)
is useful for the study of the discrete symmetries. These field equations (generalizations of
(27) and (28)) are
∇ · e− ∂τ ǫ0 = ej0 ∇× e + ∂0h = 0 (31)
∇× h− ∂0e− ∂τǫ = ej ∇ · h = 0 (32)
∇ · ǫ+ ∂0ǫ0 = ej5 ∇× ǫ− σ∂τh = 0 (33)
∇ǫ0 + σ∂τe+ ∂0ǫ = 0 . (34)
1.2.1 Concatenation
The connection with Maxwell theory enlarges on Stueckelberg’s observation in (13). Under
the conditions j5 → 0 and f 5µ → 0, pointwise in x as τ → ±∞, integration of (24) over τ ,
called concatenation of events into a worldlines [9], recovers the relations
∂νF
µν = eJµ ǫµνρλ∂µFνρ = 0 (35)
where
F µν(x) =
∫ ∞
−∞
dτ fµν(x, τ) and Aµ(x) =
∫ ∞
−∞
dτ aµ(x, τ) (36)
and so aα(x, τ) has been called the pre-Maxwell field. It follows from (36) that e0 and λ
have dimensions of length.
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1.2.2 Implications for the Parameterized Mechanics
As in the non-relativistic case, the two-body action-at-a-distance potential in the Horwitz-
Piron theory [10] may be understood as the approximation −e0a5(x, τ) −→ V (x). Within
this framework, solutions have been found for the generalizations of the standard central
force problem, including potential scattering [11] and bound states [12, 13]. Examination
of radiative transitions [14], in particular the Zeeman [15] and Stark effects [16], indicate
that all five components of the gauge potential are necessary for an adequate explanation of
observed phenomenology.
1.2.3 The Classical Lorentz Force
From the quantum Hamiltonian in (15) one is led to the classical Lagrangian
L = x˙µpµ −K = 1
2
Mx˙µx˙µ + e0x˙
αaα =
1
2
Mx˙µx˙µ + e0x˙
µaµ + e0a5 , (37)
and, under variation with respect to xµ, the Lorentz force [8]
M x¨µ = e0 f
µ
α(x, τ) x˙
α = e0 [f
µ
ν(x, τ) x˙
ν + fµ5(x, τ)] , (38)
where fαβ is the gauge invariant quantity (22). The field strength f
5µ plays the role of
Stueckelburg’s field Kµ, and so the enlarged gauge symmetry is seen to provide a consis-
tent basis for this additional interaction. The effect of this interaction on rest mass, as
Stueckelburg found earlier,
d
dτ
(−1
2
Mx˙2) = −Mx˙µx¨µ = −e0 x˙µ(fµ5 + fµν x˙ν) = −e0 x˙µfµ5 = e0σ f 5αx˙α , (39)
appears formally as the “fifth” component of the Lorentz force law. Conservation of mass,
x˙2 = constant, requires that
f5µ = 0 and ∂τf
µν = 0 , (40)
where the second condition follows from (26) for f 5µ = 0. The generalization of (38) to
curved spacetime was found [17] to be
M [x¨µ + Γµλν x˙λx˙ν ] = e0 f
µ
α(x, τ) x˙
α = e0 [f
µ
ν(x, τ) x˙
ν + fµ5(x, τ)] (41)
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with
Γµλν = −1
2
(∂νgλµ + ∂λgµν − ∂µgλν) . (42)
Equation (41) can be identified with Stueckelberg’s proposed equation (1). This expression
was shown [17] to be the most general expression for a classical force consistent with the
quantum commutation relations
[xµ, xν ] = 0 m [xµ, x˙ν ] = −i~gµν (x) . (43)
Relaxing the mass-shell constraint in (43) breaks general reparameterization invariance in
(37), but, under the conditions (40), the remaining τ -translation symmetry is associated, via
Noether’s theorem, with dynamic conservation of the mass. It has been shown [8] that while
the material events and gauge fields may exchange mass when the conditions (40) do not
hold, the total mass-energy of the particles and fields is conserved. Since the gauge fields
propagate with a mass spectrum, this theory has been called off-shell electrodynamics.
1.2.4 Classical Coulomb Problem
Further questions of interpretation of the five dimensional formalism arise in treating the
classical Coulomb problem. Posing the classical equations of motion for a test event (world-
line B in Figure 2) moving in the field induced by a ‘static’ event (worldline A in Figure 2)
evolving uniformly along the time axis, one is faced with three interrelated problems.
10
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Figure 2: Elastic Scattering
A: ‘Static’ event evolving uniformly along the time axis
B: Test event with x˙0(−∞) = 1 evolving in field induced by A
C: Test event with x˙0(−∞) = −1 evolving in field induced by A
First, the classical current density of the point events involves a delta function centered on
the event,
j0(x, τ) = δ(x0 − τ)δ3(x) . (44)
Second, the structure of the Green’s function [18],
G(x, τ) = − 1
4π
δ(x2)δ(τ)− 1
2π2
∂
∂x2
θ(−σgαβxαxβ)√−σgαβxαxβ (45)
for the five dimensional wave equation [19]
∂α∂
αfβγ = (∂µ∂
µ + ∂τ∂
τ )fβγ = (∂µ∂
µ + σ ∂2τ )f
βγ = −e(∂βjγ − ∂γjβ) (46)
carries these delta functions into the induced gauge potentials. Third, the τ -translation
symmetry of the asymptotic events leads to a strong dependence on initial conditions that,
under concatenation, should not be observable; that is, scattering in the gauge field induced
by the event xµ (τ − a) will depend qualitatively on the value of a, even though the con-
catenated Coulomb field does not. A reasonable approach was found [20] by smoothing the
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field-inducing current as
jαϕ(x, τ) =
∫ ∞
−∞
ds ϕ(τ − s) jα(x, s) (47)
where ϕ(τ) is the Laplace distribution
ϕ(τ) =
1
2λ
e−|τ |/λ . (48)
Since the smoothing distribution satisfies∫ ∞
−∞
dτ ϕ(τ) = 1 (49)
the concatenated Maxwell current is not affected by the integration (47). This approach
leads, in the low energy case, to a classical Yukawa potential,
a0ϕ(x, τ) =
1
2λ
[
− e
4πR
e−R/λ
] [1
2
(
dx0
dτ
+ 1
)]
≃ 1
2λ
[
− e
4πR
e−R/λ
]
, (50)
M
d2x
dτ 2
≃ 2λ e ∇ a0ϕ(x, τ) = ∇
[
− e
2
4πR
e−R/λ
]
, (51)
with interpretation of λ as a cut-off in the mass spectrum of the photons mediating the
interaction. It was shown in [21] that replacing the usual kinetic term for the electromagnetic
field strengths in (21)
S0em−kinetic =
λ
4
∫
d4x dτ fαβ(x, τ) fαβ(x, τ) (52)
with the higher-order derivative term
Sem−kinetic = S
0
em−kinetic +
λ3
4
∫
d4x dτ
(
∂τf
αβ(x, τ)
)(
∂τ fαβ (x, τ)
)
(53)
is equivalent to the ad hoc approach taken in (47). This approach puts the theory into a
form amenable to quantization and provides the mass cut-off which makes the field theory
finite at all orders of perturbation theory.
1.3 Particle/Antiparticle Problem
By Stueckelberg’s interpretation of the worldlines, application of the classical Coulomb case
to elastic particle-antiparticle scattering seems only to require that the initial conditions
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of the test event include dx0/dτ ≤ 0 (worldline C in Figure 2 shows an event evolving
from initial condition t = −τ). However, in two aspects, the solution to the scattering
problem posed in this way seems inadequate. First, we notice that in the low energy case,
dx0/dτ ≃ −1, the Lorentz force (50) takes the form
a0ϕ(x, τ) =
1
2λ
[
− e
4πR
e−R/λ
] [1
2
(
dx0
dτ
+ 1
)]
≃ 0 , (54)
and it appears that no scattering takes place. Second, in modern treatments (for example
[22, 5]), based on the CPT theorem, the antiparticle is characterized as a particle with the
signs of all its additive quantum numbers reversed. Following Wigner, the quantum reflection
θ, which both reverses the spacetime parameters and exchanges the past and future, is an
antiunitary operator. Since θ must be independent of any internal symmetries associated
with generators {Fn}, the antiunitary of θ requires that
θeiFnα
n
θ−1 = eiFnα
n ⇒ θ [iFµ] θ−1 = −i
[
θFµθ
−1
] ⇒ θFµθ−1 = −Fµ (55)
and so all additive quantum numbers change sign for the antiparticle. However, in the
Stueckelberg theory, states are labeled by the parameter τ , which is not affected by spacetime
inversion, and the argument is not immediately applicable to the event evolving toward earlier
t. It is not clear how this general reflection of internal symmetries is related to the dynamic
evolution of the energy. For these reasons, we are led to reconsider whether the antiparticle
differs from the particle only in the sign of dx0/dτ . In this paper, we address these issues by
examining the discrete symmetries in a formal manner.
2 Discrete Symmetries of Off-Shell Electrodynamics
We take the improper Lorentz transformations, in the passive sense, as reversing the orien-
tation of the space and time axes. This approach is similar to the standard approach, but
differs from the non-relativistic formulation following Wigner [4] (see also [23]), in which
time reversal changes the sign of velocities, momenta, and the space part of currents. Since
velocities are τ -derivatives, they transform tensorially under the improper Lorentz transfor-
mations, and so time and space inversion are handled as coordinates on the same footing.
Reversal of the sense of motion, which is part of time reversal in the standard treatment,
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would be associated with τ -reversal in this theory. However, since τ -reversal cannot be im-
plemented as a Lorentz transformation, we do not assume that the theory must be form
covariant under such an operation.
Then space inversion acts as
x =
(
x0,x
) −→
P
xP =
(
x0P ,xP
)
=
(
x0,−x) (56)
and time inversion acts as
x =
(
x0,x
) −→
T
xT =
(
x0T ,xT
)
=
(−x0,x) . (57)
From the conventional observation that electromagnetic interactions are independent of the
orientation of reference frames, we expect that the pre-Maxwell equations expressed in the
coordinates xP or xT will be identical in form to the equations expressed in x coordinates.
In order to clarify our method, we take a familiar example from Maxwell theory, where form
invariance of the Coulomb law implies that
∇ · E (t,x) = ρ (t,x) −→
P
∇P · EP (tP ,xP ) = ρP (tP ,xP ) . (58)
Since ρ (t,x) is a scalar field on spacetime, we expect that its value at the point (t,x) equals
the value of the transformed field ρP at the corresponding point (tP ,xP ), that is
ρP (tP ,xP ) = ρ (t,x) . (59)
Therefore,
∇P · EP (tP ,xP ) = ρ (t,x) (60)
−∇ · EP (t,−x) = ρ (t,x) (61)
∇ · {−EP (t,−x)} = ρ (t,x) . (62)
Comparing (62) with (58) we notice that E (t,x) and −EP (t,−x) satisfy the same equation,
so conclude
E (t,x) = −EP (t,−x) = −EP (tP ,xP ) . (63)
Standard treatments of the space and time reversal properties of the Maxwell theory (see
for example [23]) study the field equations under the assumption of orientation invariance.
However, since pre-Maxwell electrodynamics emerged from the requirement of local gauge
invariance, from which the classical Lorentz force follows directly, it is more appropriate to
begin with (38).
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2.1 Space Inversion
Under P , the pre-Maxwell Lorentz equations in three-vector form
M
d2x0
dτ 2
= e0
[
e (t,x, τ) · dx
dτ
− σǫ0 (t,x, τ)
]
(64)
M
d2x
dτ 2
= e0
[
e (t,x, τ)
dx0
dτ
+
dx
dτ
× h (t,x, τ)− σǫ (t,x, τ)
]
(65)
become
M
d2x0P
dτ 2
= e0
[
eP (tP ,xP , τ) · dxP
dτ
− σǫ0P (tP ,xP , τ)
]
(66)
M
d2xP
dτ 2
= e0
[
eP (tP ,xP , τ)
dx0P
dτ
+
dxP
dτ
× hP (tP ,xP , τ)− σǫP (tP ,xP , τ)
]
(67)
so that
M
d2x0
dτ 2
= e0
[
eP (tP ,xP , τ) ·
(
−dx
dτ
)
− σǫ0P (tP ,xP , τ)
]
(68)
−Md
2x
dτ 2
= e0
[
eP (tP ,xP , τ)
dx0
dτ
− dx
dτ
× hP (tP ,xP , τ)− σǫP (tP ,xP , τ)
]
(69)
and finally
M
d2x0
dτ 2
= e0
[
(−eP (tP ,xP , τ)) · dx
dτ
− σ (ǫ0P (tP ,xP , τ))
]
(70)
M
d2x
dτ 2
= e0
[
(−eP (tP ,xP , τ)) dx
0
dτ
+
dx
dτ
× (hP (tP ,xP , τ))− σ (−ǫ (tP ,xP , τ))
]
.(71)
Comparing (64) and (65) with (70) and (71) shows that
eP (tP ,xP , τ) = −e (t,x, τ) (72)
hP (tP ,xP , τ) = h (t,x, τ) (73)
ǫ0P (tP ,xP , τ) = ǫ
0 (t,x, τ) (74)
ǫP (tP ,xP , τ) = −ǫ (t,x, τ) (75)
and we recognize (72) and (73) as the behavior of the Maxwell electric and magnetic 3-vectors
under parity.
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2.2 Time Inversion
Under T , (64) and (65) become
M
d2x0T
dτ 2
= e0
[
eT (tT ,xT , τ) · dxT
dτ
− σǫ0T (tT ,xT , τ)
]
(76)
M
d2xT
dτ 2
= e0
[
eT (tT ,xT , τ)
dx0T
dτ
+
dxT
dτ
× hT (tT ,xT , τ)− σǫT (tT ,xT , τ)
]
(77)
so that
−Md
2x0
dτ 2
= e0
[
eT (tT ,xT , τ) · dx
dτ
− σǫ0T (tT ,xT , τ)
]
(78)
M
d2x
dτ 2
= e0
[
eT (tT ,xT , τ)
(
−dx
0
dτ
)
+
dx
dτ
× hT (tT ,xT , τ)− σǫT (tT ,xT , τ)
]
(79)
and finally
M
d2x0
dτ 2
= e0
[
(−eT (tT ,xT , τ)) · dx
dτ
− σ (−ǫ0T (tT ,xT , τ))
]
(80)
M
d2x
dτ 2
= e0
[
(−eT (tT ,xT , τ)) dx
0
dτ
+
dx
dτ
× (hT (tT ,xT , τ))− σ (ǫT (tT ,xT , τ))
]
.(81)
Comparing (64) and (65) with (70) and (71) shows that
eT (tT ,xT , τ) = −e (t,x, τ) (82)
hT (tT ,xT , τ) = h (t,x, τ) (83)
ǫ0T (tT ,xT , τ) = −ǫ0 (t,x, τ) (84)
ǫT (tT ,xT , τ) = ǫ (t,x, τ) (85)
and here we notice that (82) and (83) are opposite to the standard behavior of the electric
and magnetic 3-vectors under time inversion. This opposite behavior can be attributed to
our having respected the independence of x0 (τ) as a function of τ , not constrained by the
mass-shell condition
dx0
dτ
= +
1√
1− (dx/dt)2
. (86)
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2.3 Currents
The pre-Maxwell equations in 3-vector form are
∇ · e− ∂τǫ0 = ej0 (87)
∇× h− ∂0e− ∂τ ǫ = ej (88)
∇ · ǫ+ ∂0ǫ0 = ej5 (89)
∇ · h = 0 (90)
∇× e+ ∂0h = 0 (91)
∇× ǫ− σ∂τh = 0 (92)
∇ǫ0 + σ∂τe+ ∂0 ǫ = 0 (93)
so that under space inversion P , they become
(−∇) · (−e)− ∂τ ǫ0 = ∇ · e− ∂τǫ0 = ej0P (94)
(−∇)× h− ∂0 (−e)− ∂τ (−ǫ) = − [∇× h− ∂0e− ∂τǫ] = ejP (95)
(−∇) · (−ǫ) + ∂0ǫ0 = ∇ · ǫ+ ∂0ǫ0 = ej5P (96)
(−∇) · h = − [∇ · h] = 0 (97)
(−∇)× (−e) + ∂0h = ∇× e+ ∂0h = 0 (98)
(−∇)× (−ǫ)− σ∂τh = ∇× ǫ− σ∂τ h = 0 (99)
(−∇) ǫ0 + σ∂τ (−e) + ∂0 (−ǫ) = −
[∇ǫ0 + σ∂τe+ ∂0ǫ] = 0 (100)
which are form invariant under the choices
j0P (tP ,xP , τ) = j
0 (t,x, τ) (101)
jP (tP ,xP , τ) = −j (t,x, τ) (102)
j5P (tP ,xP , τ) = j
5 (t,x, τ) . (103)
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Similarly, under T ,
∇ · (−e)− ∂τ
(−ǫ0) = − [∇ · e− ∂τǫ0] = ej0T (104)
∇× h− (−∂0) (−e)− ∂τ ǫ = ∇× h− ∂0 e− ∂τ ǫ = ejT (105)
∇ · ǫ+ (−∂0)
(−ǫ0) = ∇ · ǫ+ ∂0ǫ0 = ej5T (106)
∇ · h = 0 (107)
∇× (−e) + (−∂0)h = − [∇× e+ ∂0h] = 0 (108)
∇× ǫ− σ∂τh = 0 (109)
∇ (−ǫ0)+ σ∂τ (−e) + (−∂0) ǫ = − [∇ǫ0 + σ∂τe + ∂0ǫ] = 0 (110)
which are form invariant under the choices
j0T (tT ,xT , τ) = −j0 (t,x, τ) (111)
jT (tT ,xT , τ) = j (t,x, τ) (112)
j5T (tT ,xT , τ) = j
5 (t,x, τ) . (113)
From the transformation properties for the field strengths, we may deduce the transformation
properties of the 5-vector potential components. From
fαβ = ∂αaβ − ∂βaα (114)
we have
ei = ∂0ai − ∂ia0 →
P
−ei = ∂0aiP −
(−∂i) a0P = − (∂0ai − ∂ia0) (115)
so
a0P = a
0 aiP = −ai (116)
consistent with
hi = εijk∂jak . (117)
Similarly,
ei = ∂0ai − ∂ia0 →
T
−ei = (−∂0) aiT − ∂ia0T = − (∂0ai − ∂ia0) (118)
so
a0T = −a0 aiT = ai (119)
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again consistent with (117). For the second vector field,
ǫi = ∂5ai − ∂ia5 →
P
−ǫi = ∂5aiP −
(−∂i) a5P = − (∂5ai − ∂ia5) (120)
leads to
a5P = a
5 aiP = −ai (121)
which is consistent with
ǫ0 = ∂5a0 − ∂0a5 (122)
and
ǫi = ∂5ai − ∂ia5 . (123)
Similarly
ǫi = ∂5ai − ∂ia5 →
T
ǫi = ∂5aiT −
(
∂i
)
a5T =
(
∂5ai − ∂ia5) (124)
requires
a5T = a
5 aiT = a
i . (125)
All of the 5-vector quantities encountered up to this point transform tensorially under space
and time inversion, as the quantity (x0,x, τ). We summarize the results thus far in Table 1,
Quantity Transformation Under P Transformation Under T
(x0,x, τ) (x0,−x, τ) (−x0,x, τ)
e −e −e
h h h
ǫ −ǫ ǫ
ǫ0 ǫ0 −ǫ0
(j0, j, j5) (j0,−j, j5) (−j0, j, j5)
(a0, a, a5) (a0,−a, a5) (−a0, a, a5)
Table 1
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3 Off-Shell Quantum Mechanics
We now turn to the discrete symmetries of the Schrodinger equation
(i∂τ + e0a5) ψ(x, τ) =
1
2M
(pµ − e0aµ)(pµ − e0aµ)ψ(x, τ) (126)
= − 1
2M
(∂µ − ie0aµ)(∂µ − ie0aµ) ψ(x, τ) . (127)
In the space reversed coordinates, the transformed equation satisfies
(i∂τ + e0a5P ) ψP (xP , τ) = − 1
2M
(∂µP − ie0aµP )(∂µP − ie0aµP ) ψP (xP , τ) . (128)
From Table 1 — and the fact that (∂0, ∂k, ∂τ ) transforms as (x0, xk, x5) — we have
(i∂τ + e0a5)ψ
P (xP , τ) =
= − 1
2M
[
(∂kP − ie0akP )(∂kP − ie0akP ) (129)
− (∂0P − ie0a0P )(∂0P − ie0a0P )
]
ψP (xP , τ) (130)
= − 1
2M
[
(−∂k + ie0ak)(−∂k + ie0ak)
− (∂0 − ie0a0)(∂0 − ie0a0)
]
ψP (xP , τ) (131)
= − 1
2M
(∂µ − ie0aµ)(∂µ − ie0aµ) ψP (xP , τ) (132)
Since equation (132) is explicitly identical in form to (127), the solutions must be identical,
so
ψP (xP , τ) = ψ(x, τ) ⇒ ψP (x, τ) = ψ(x0,−x, τ) . (133)
The corresponding argument for time inversion leads to
ψT (xT , τ) = ψ(x, τ) ⇒ ψT (x, τ) = ψ(−x0,x, τ) , (134)
and we see that the manifest invariance under space and time inversion found for the Horwitz-
Piron theory with standard Maxwell fields [9] applies in the presence of pre-Maxwell fields.
Seeking a solution for the replacement e0 → −e0, that is
(i∂τ − e0a5) ψC(x, τ) = − 1
2M
(∂µ + ie0a
µ)(∂µ + ie0aµ) ψC(x, τ) , (135)
the usual strategy for Schrodinger-like equations with minimal coupling to a gauge field
begins with complex conjugation, which expresses the antiunitary character of the total
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reflection discussed in the previous chapter. In the present case, complex conjugation of
(127) leads to
(−i∂τ − e0a5) ψ∗(x, τ) = − 1
2M
(∂µ + ie0a
µ)(∂µ + ie0aµ) ψ
∗(x, τ) , (136)
which is not yet in the form (135). Unlike the case of Maxwell fields, the possible dependence
of the pre-Maxwell fields on τ prevents us from simply taking τ → −τ in order to reverse
the sign of −i∂τ . Instead, we posit the existence of a τ -inversion operation T and investigate
the requirements which make it reasonable.
Applying τ -inversion to (136), we find
(i∂τ − e0a5T ) ψ∗(x,−τ) = − 1
2M
(∂µ + ie0a
µ
T )(∂µ + ie0aµT ) ψ
∗(x,−τ) , (137)
which will be in the form of (135) if
aµT (xT , τT ) = a
µ(x, τ) ⇒ aµT (x, τ) = aµ(x,−τ) (138)
a5T (xT , τT ) = −a5(x, τ) ⇒ a5T (x, τ) = −a5(x,−τ) . (139)
Under the combination of transformations
ψ(x, τ) −→
C
ψC(x, τ) = ψ
∗(x,−τ) (140)
τ −→
C
τC = −τ (141)
aµ(x, τ) −→
C
aµC(x, τ) = a
µ(x,−τ) (142)
a5(x, τ) −→
C
a5C(x, τ) = −a5(x,−τ) , (143)
if they can be made consistent with the pre-Maxwell equations, the charge conjugate solution
is ψC(x, τ) = ψ
∗(x,−τ).
To check the consistency of the transformations (141) to (143), we first find the 3-vector field
strengths
ek = f 0k = ∂0ak − ∂ka0 −→
C
ek (144)
hk = εkij∂iaj −→
C
hk (145)
ǫk = f 5k = σ∂τa
k − ∂ka5 −→
C
−ǫk (146)
ǫ0 = f 50 = σ∂τa
0 − ∂0a5 −→
C
−ǫ0 . (147)
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We now consider the Lorentz force equations
M
d2x0
dτ 2
= e0
[
e · dx
dτ
− σǫ0
]
(148)
M
d2x
dτ 2
= e0
[
e
dx0
dτ
+
dx
dτ
× h− σǫ
]
(149)
which become
M
d2x0C
dτ 2
= e0
[
eC ·
(
dx
dτ
)
C
− σǫ0C
]
(150)
M
d2xC
dτ 2
= e0
[
eC
(
dx0
dτ
)
C
+
(
dx
dτ
)
C
× hC − σǫC
]
(151)
so that
M
d2x0
dτ 2
= e0
[
e ·
(
−dx
dτ
)
− σ (−ǫ0)
]
(152)
M
d2x
dτ 2
= e0
[
e
(
−dx
0
dτ
)
+
(
−dx
dτ
)
× h− σ (−ǫ)
]
(153)
and finally
M
d2x0
dτ 2
= −e0
[
e · dx
dτ
− σǫ0
]
(154)
M
d2x
dτ 2
= −e0
[
e
dx0
dτ
+
dx
dτ
× h− σǫ
]
. (155)
Equations (154) and (155) are just the Lorentz equations (64) and (65) under the substitution
e0 → −e0. Thus, while form invariance under τ -inversion is not a reasonable symmetry to
expect in pre-Maxwell theory and was not considered along with space and time reversal
symmetry, we find that the classical operations
τ → −τ a5 → −a5 (156)
associated with quantum charge conjugation lead to a classical charge conjugation operation.
The action of this charge conjugation on the field equations is
∇ · e− (−∂τ )
(−ǫ0) = ej0C (157)
∇ · e− ∂τ ǫ0 = ej0C ⇒ j0C = j0 (158)
∇× h− ∂0e− (−∂τ ) (−ǫ) = ejC (159)
∇× h− ∂0e− ∂τ ǫ = ejC ⇒ jC = j (160)
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∇ · (−ǫ) + ∂0
(−ǫ0) = ej5C (161)
∇ · ǫ+ ∂0ǫ0 = −ej5C ⇒ j5C = −j5 (162)
∇ · h = 0 (163)
∇× e+ ∂0h = 0 (164)
∇× (−ǫ)− σ (−∂τ )h = 0 (165)
∇× ǫ− σ∂τh = 0 (166)
∇ (−ǫ0)+ σ (−∂τ ) e+ ∂0 (−ǫ) = 0 (167)
∇ǫ0 + σ∂τe+ ∂0ǫ = 0 (168)
and so we see that, taking the action on the currents as
(
j0, j, j5
) −→
C
(
j0, j, j5
)
C
=
(
j0, j,−j5) , (169)
the pre-Maxwell equations transform consistently under the action of classical charge conju-
gation. Moreover, we find that current conservation
∂µj
µ + ∂τj
5 = 0 −→
C
∂µj
µ + (−∂τ )
(−j5) = 0 (170)
is preserved. In quantum mechanics, the current j5 is interpreted as the probability of finding
a particle in a localized volume of space time at a given τ , and the meaning of j5C = −j5
must be examined carefully.
4 Conclusions
The standard account of the discrete symmetries in quantum theory is deeply influenced
by Wigner’s prescription [4] for time reversal, which operates on both the coordinate time
and the temporal ordering of events. It should be noted that Wigner was concerned (both
in 1932 and 1959) with the non-relativistic quantum mechanics of atomic spectra, and his
explicit use of Galilean time determined his notion of time reversal2. Thus, neither negative
2Wigner comments in [4], “Hence, ‘reversal of the direction of motion’ is perhaps a more felicitous, though
longer, expression than ‘time inversion.’ ”
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energies nor pair creation/annihilation played any part in his considerations. If, in the spirit
of Stueckelberg, we wish to disentangle the symmetries of the coordinate time t from those
of the temporal parameter τ , then we expect that the discrete reflections will lead to the
following interpretations:
1. Space inversion covariance P implies certain symmetric relations between a given ex-
periment and one performed in a spacially reversed configuration.
2. Time inversion covariance T implies certain symmetric relations between a given ex-
periment and one performed in a time-reversed configuration, which is to say one in
which advancement in t is replaced by retreat, and so a trajectory with x˙0 > 0 is
replaced by a trajectory with x˙0 < 0. Thus, we expect symmetric behavior between
pair annihilation processes and pair creation processes.
3. Charge conjugation covariance C implies certain symmetric relations between a given
experiment and one in which the events are traced out in the reverse order and carry
opposite charge. Applying (55) to this case, we expect that the additive charges asso-
ciated with internal symmetries also undergo inversion.
The analysis of the discrete symmetries in the Stueckelberg formalism — extended to include
the parameter τ in local gauge group — demonstrates the theory’s form invariance under
spacetime inversion, and exposes the charge conjugation symmetry, leading naturally to a
view of these symmetries based on interpretations 1 to 3 above. The structure of the classical
electromagnetic theory requires that, unlike the case for the Maxwell field, the off-shell gauge
field behave tensorially under the discrete Lorentz transformations P and T . Given these
conditions on the gauge fields, the quantum theory is seen to be invariant in a very simple
way under space and time reversal, and we may identify interpretations 1 and 2 — the space
inversion operation P exchanges a particle trajectory with its mirror image, and the time
inversion operation T exchanges particle trajectories with antiparticle trajectories.
On the other hand, we do not regard the charge conjugation operation as connecting sym-
metrical dynamical evolutions. The requirement that solutions exist for the charge reversed
case leads to an operation which reverses x5 = τ and the corresponding fifth-component
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objects, a5 and j5. Thus, the resulting charge conjugation operation, reverses the tempo-
ral order of events and the sign of the charge and related currents, leading to a negative
probability density
j5 =
∣∣∣ψ(x, τ)
∣∣∣2 −→
C
j5C = −j5 , (171)
which only makes sense in the context of the current conservation expression (170). Rather
we associate the reversal of temporal order performed by charge conjugation with the re-
ordering of events performed by the observer in the laboratory, who interprets events as
always evolving from earlier to later values of t. Thus, charge conjugation exchanges the
viewpoint of the events under interaction with the viewpoint of the laboratory observer.
The inversion of charges (associated with the gauge symmetry and any internal symmetries)
under this exchange reinforces the conventional view of antiparticles in the laboratory, but
does not influence the event dynamics. Following Stueckelberg, we return to a formalism of
events interacting through gauge fields with events which may propagate equivalently with
dt/dτ < 0 or dt/dτ > 0, and understand the antiparticle to simply be that part of an event
trajectory for which dt/dτ < 0. The significance of the charge conjugation operation is that
the reversal of quantum numbers is observed in the laboratory when the observer uses the
laboratory clock as the parameter which orders the events.
In the context of Horwitz-Piron theory, the discrete symmetries of (8) were studied in
[9]. That study, which assumed the standard transformation properties for the four-vector
Maxwell potential
(
A0,A
)→
P
(
A0,−A) (A0,A)→
T
(
A0,−A) , (172)
similarly concluded that while events interact without concern for the particle/antiparticle
distinction, the CPT conjugate of the negative energy trajectory is observed in the laboratory
as the antiparticle.
A field theoretic study of the discrete symmetries and their significance in quantum scattering
will be reported in a forthcoming paper.
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